We investigate the generalized second law for two-dimensional black holes in equilibrium states (Hartle-Hawking) and in non-equilibrium states (Unruh) with Hawking radiation surrounding the black holes without assuming the quasistationarity to an evolution of the black holes. Using the dynamic first law proposed by Hayward and the covariant formulation of black hole thermodynamics, we obtain a very simple expression for change of total entropy in terms of covariant thermodynamic variables, which is valid for non-equilibrium states as well as for equilibrium states up to leading order. Evaluating the change of total entropy, we show that the generalized second law holds for any twodimensional static black holes and for non-static two-dimensional black holes of the S-wave sector in four-dimensional general relativity.
Introduction
Bekenstein's conjecture of a generalized second law (GSL) for a self-gravitating system [1] effectively incapacitated Wheeler's demon, who allows entropy to escape from our universe into black holes and challenges the second law of thermodynamics. According to GSL, a black hole has its own entropy, and then the total entropy S total , which is the sum of the black hole entropy S H and of the thermodynamic entropy outside the black hole S out , never decreases:
The conjectured GSL was based on the observed relationship between black hole mechanics and ordinary thermodynamics [2] . In the semiclassical approximation,
Hawking has shown that the relationship is not just an analogy. The black hole really emits thermal radiation at a definite temperature like an ordinary thermal object [3] .
Moreover, in this analysis, black hole entropy was derived in an exact form as A/4G, has developed considerably, especially in the context of string theory [4] .
However, an explicit general proof of the GSL has not been given until now. When it comes to the question of the fundamentals of the connection between the laws of black hole physics and thermodynamics, the GSL is still an interesting problem;
since black hole entropy in the GSL is treated on an equal footing with ordinary thermodynamic entropy, if the GSL holds, a black hole should be nothing but an ordinary thermodynamic object, not just an analogue Unruh and Wald [5] investigated GSL using gedanken experiments in which one slowly lowers a box containing energy and entropy into a black hole and the reverse of this process. They have shown that taking into account quantum effects, GSL is valid in these processes without introducing Bekenstein's entropy bound. More generally,
Frolov and Page [6] proved the validity of GSL for eternal black holes by assuming that the state of matter fields on the past horizon is a thermal state, and that the set of radiation modes on the past horizon and on past null infinity are quantum mechanically uncorrelated. However, these assumptions are not valid for realistic cases such as black holes formed by gravitational collapse. Relaxing these conditions, Mukohyama has shown that the GSL holds for black holes arising from gravitational collapse [7] . (See, also [8] )
The first law of black hole mechanics is formulated as a relation between infinitesimal variations of the parameters of stationary black holes. In the proofs of GSL in [6] [7], the first law was generalized to a quasi-stationary evolution of the parameters, which means small changes of physical quantities from an initial near-stationary black hole to a final near-stationary black hole. However, the assumption of quasistationarity is still only an approximation to the evolution of a black hole formed by gravitational collapse. Apparently, one cannot exclude some amount of net flux of stress-energy induced from vacuum polarization on the (apparent) horizon of the black hole, and then the black hole is not in thermal equilibrium with Hawking radiation surrounding it (Unruh state [9] ). Thus, in order to investigate the GSL for a black hole arising from gravitational collapse in more realistic situations, the assumption of quasi-stationarity has to be relaxed to a dynamical evolution of thermodynamic variables. Even though the concept of a first law for dynamical black holes is still an open problem, we have a plausible prescription for this developed by Hayward [10] .
In this paper, we use the term of dynamical first law in Hayward's formulation.
On the other hand, according to relativistic covariance, one can construct a compact form of equation of state with covariant thermodynamic variables such as stressenergy-momentum tensor rather than with energy density and pressure. In particular, when the net energy flux is concerned, i.e., a black hole in a non-equilibrium state, the covariant formulation of black hole thermodynamics has great advantages over ordinary thermodynamic description. (For review of the covariant formulation, see [11] and references therein.)
The purpose of this paper is to prove the GSL for black holes in non-equilibrium states (Unruh) as well as in equilibrium states (Hartle-Hawking [12] ) with Hawking radiation surrounding the black holes. Our strategy is to use the dynamic first law and the covariant formulation of black hole thermodynamics. Then, we obtain a very simple expression for change of total entropy in terms of covariant thermodynamic variables, and it will be seen that the covariant expression for the change of total entropy is valid for non-equilibrium states as well as for equilibrium states up to leading order.
Our investigation for the GSL will be carried out for a two-dimensional theory of gravity. A proof of GSL for a two-dimensional effective theory of gravity going beyond the assumption of quasi-stationarity was studied in [13] . In that paper, the RST version [14] of CGHS model [15] was discussed with the aid of given exact spacetime solutions including the quantum backreaction effects. In this article, an arbitrary two-dimensional static spacetime will be considered for investigation of GSL for the equilibrium states, while for the non-equilibrium states, the S-wave sector in four-dimensional general relativity will be considered.
In Section2, a covariant form of the change of total entropy is obtained for twodimensional static eternal black holes. Using the stationarity of thermodynamic variables and energy momentum conservation, we show that as expected in a trivial sense, the change of total entropy vanishes and the GSL holds for black holes in equilibrium state. The covariant expression for the change of total entropy of black holes in non-equilibrium states is discussed in Section3. Up to leading order in the Hawking radiation, we show that the change of total entropy is always positive. Section4 will be devoted to a summary of this article.
Hartle-Hawking State
In the semiclassical approximation, a black hole is surrounded by quantum Hawking radiation which becomes thermal far away from the hole. First, in this section, we assume that a two-dimensional black hole is in thermal equilibrium with the heat bath (Hartle-Hawking state). The backreaction effect of the heat bath is characterized by the expectation value of the renormalized stress-energy tensor of a free massless conformal scalar field, T ab . The most general form of static metric satisfying Einstein equations with the source T ab is written by
Since the source term of Einstein equations considered here is given by only the conformal scalar field, which effectively characterizes the quantum backreaction, without contribution of any other matter fields, taking a classical limit in the metric (2), ψ(r)
goes to zero and the mass function m(r)(> 0) becomes a positive constant.
For the procedure, we begin with brief review of local thermodynamic description for the Hartle-Hawking state [16] .
Local Thermodynamic Description
In a thermodynamic sense, the Hartle-Hawking state is described by local equations of state, so called Duhem-Gibbs relations,
where β(r) −1 = T (r) is a local temperature parameterizing the equilibrium state and s(r), ρ(r) = −T t t , P (r) = T r r are local thermodynamic variables identified as entropy density, quantum energy density, and pressure, respectively. Using the Duhem-Gibbs relations together with the conservation law ∇ a T a b = 0, one finds that distribution of the stress-energy also satisfies the Tolman condition
On the other hand, the local thermodynamic variables are to be completely determined (up to a boundary condition) by the conservation law and the trace anomaly
where κ is the surface gravity calculated with respect to a timelike Killing vector
and κ H = κ(r H ) is the surface gravity at the Killing horizon r = r H determined by f (r H ) = 0. The integration constant in (5), (6) was chosen so that the energy density and pressure are regular at the horizon.
From the equation (7), entropy outside the black hole is given by
where r 1 → ∞ is an outer boundary. In fact, the external entropy given by (9) is equivalent to the fine-grained entropy evaluated in [13] ; the infrared divergent part of S out becomes [17]
Then S R out precisely matches the infrared divergent part of the fine-grained entropy given in (95) in [13] . It is quite interesting to notice that while the fine-grained entropy suffers from the typical ultraviolet divergence appearing near horizon and requires a cutoff near the horizon, the outside entropy S out is free of ultraviolet divergences.
Covariant Formulation and GSL
It is well known that the Gibbs laws (3) can be translated into covariant equations given by
where
H is the inverse Hawking temperature. The entropy density vector s a is defined by s a = s(r)u a and T a b in terms of the energy density and pressure is written by
Now, consider an evolution of two chosen spacelike hypersurfaces (Σ 1 , Σ 2 ) 1 . The total entropy change in the evolution is composed of the sum of the change of black hole entropy ∆S H plus the change of entropy outside the black hole ∆S out ,
In terms of covariant variables, the entropy change of outside black hole is
means integration over Σ 2 minus integration over Σ 1 . The second equality in (14) can be easily checked comparing with (9) as following;
On the other hand, entropy the change of the black hole should arise from heat flow going through the horizon. To be exact, heat passing through the horizon causes an entropy change of the black hole and work done along the horizon (in the case of non-equilibrium states). Obviously, work term is not generated on the Killing horizon. Thus, the change of black hole entropy should be equivalent to the amount of heat flow passing through the horizon
where H i are intersecting points of the horizon H and Σ i .
Substituting (14) , (16) into (13), and using Gauss-Stokes theorem, we obtain a simple form of change of total entropy given by
where M denotes a spacetime patch bounded by the spacelike hypersurfaces Σ 1 , Σ 2 , and the horizon H. Thus, GSL for the Hartle-Hawking state can be easily estimated by determining the sign of the term
hereafter, we refer ∇ a s a to rate of local entropy production.
Using the conservation law of the stress-energy tensor and the Killing equation β (a;b) = 0, we find that the density of total entropy change vanishes ∇ a s a = 0. Thus,
GSL holds for any two-dimensional eternal black holes in equilibrium with surrounding
Hawking radiation in a 'strong' sense. In fact, GSL for the Hartle-Hawking state is trivially satisfied, because on the Killing horizon in-flux is equal to out-flux.
Before ending this section, we would like to make a simple comment on Ref. [18] in which GSL was investigated for two-dimensional black holes. The authors have argued that if one takes a finite region outside the black hole, GSL does not hold even for the Hartle-Hawking state. However, according to our result, GSL holds in a strong (local) sense, and the finiteness of accessible region should be irrelevant to validity of GSL. What causes the different results? In fact, as argued in [18] , the violation of GSL is caused by fixing the outer boundary of the finite accessible region so that size of the accessible region decreases. However, when black hole thermodynamics for a finite accessible region (e.g., a black hole in a finite box) is concerned, work done along the outer boundary should play a role in the first law of (quasilocal) black hole thermodynamics [19] . Thus, it appears that the violation of GSL according to the finite accessible region in [18] is an artificial effect due to fixing of the outer boundary.
In other words, by fixing the outer boundary, one should miss in-flux from infinity to the finite accessible region passing through the outer boundary.
3 Unruh State
S-wave Sector
Now, consider a black hole out of equilibrium with the thermal heat bath (Unruh state). Our two-dimensional black holes considered here are S-wave sector in fourdimensional general relativity. The action is given by spherically symmetric reduction;
where four-dimensional spherically symmetric spacetime metric
was used, and the covariant derivative is defined with respect to the two-dimensional metric g ab . Here, we refer two-dimensional geometric quantities without dimensional notations, such as superscript (4) .
On the other hand, taking into account the Hawking radiation and its backreaction on the spacetime in the semiclassical approximation, one-loop quantum effective action is to be added to the classical gravitational action (18) ,
In a self-consistent manner, the two-dimensional one-loop effective action has to be obtained by the same spherically symmetric reduction of four-dimensional matter fields as has been done for the gravitational part I G . In our analysis, however, we assume that the effective two-dimensional matter is conformal and the expectation value of the stress-energy tensor defined by T ab = (−2/ √ −g)(δΓ/δg ab ) is given as an Unruh-like one
where l a is an affinely parameterized ingoing light-like vector, and F 0 denotes the Hawking flux.
Variations of the action I with respect to the two-dimensional metric g ab and 'dilaton' r 2 give field equations as follows
A general solution to the field equations (22) can be written by the type considered by Bardeen [20] , (22), then the Einstein's equations become
In order to formulate the black hole thermodynamics on a non-static spacetime such as (23) , one needs appropriate definitions of energy and surface gravity in a dynamical sense. The first law of black hole dynamics proposed in [10] was given in terms of Misner-Sharp energy [21] , m(v, r) in our coordinates system,
and dynamical surface gravity κ
The dynamical surface gravity (26) is evaluated with respect to the 1-form k = * dr [22] , where d is the exterior derivative and * is the Hodge operator, which generates a preferred flow of time and is a dynamic analogue of the stationary Killing vector [10] . Then, the dynamical first law is obtained from Einstein equations and holds for any apparent horizon 2 . In the case of two-dimensional black holes, it is written as
where ∇ ′ denotes the derivative along the apparent horizon and
is the inverse dynamical Hawking temperature. Note that the second term on the right hand side of (27) applies to work done along the horizon.
On the other hand, the dynamical surface gravity κ dyn defined in (26) is obtained in a remarkably simple form by using the equations (22) and the trace anomaly; The trace anomaly together with the dilaton equation (22) is written as
Using the Einstein equations (22) , the trace of the stress-energy tensor is also given by
Then, using equations (28) and (29), we obtain the dynamical surface gravity
and dynamical temperature on the horizon
where m H = m(r H , v). It is quite interesting that the one-loop correction to dynamical temperature appeared in (31) has exactly the same form as the one-loop correction to the Hawking temperature of a static black hole evaluated in [23] . However, it has to be noticed that since in our analysis m H is not a constant, but contains quantum corrections, the factor 1/8πGm H cannot be interpreted as the 'classical'
Hawking temperature. Instead, quantum corrections to the dynamical temperature are contained in the factor 1/8πGm H as well as in the factor in parentheses of (31).
GSL for Unruh State
Now, we are ready to examine the GSL for Unruh state. First, it is obvious that the expression for the outside entropy change in the Hartle-Hawking state given in (14) is still valid for the Unruh state. However, for the Unruh state, the expression for the black hole entropy change given in (16) should be corrected by a work term, which is generated along the apparent horizon by heat flow passing through the horizon. Let us evaluate the integral in (16);
As well known, a typical one-loop correction to black hole entropy is given by a logarithmic term [23] and the quantity given in (32) looks like just the change of black hole entropy. However, this is not true. It has to be noticed that from the viewpoint of the black hole, the heat flow passing through the horizon causes the work done along the horizon as well as the change of black hole entropy, and the logarithmic term represents the work along the horizon from H 1 to H 2 . It could be checked from the dynamical first law (27); performing integrations along the horizon on the both side of the first law, one finds that on the right hand side, the first term gives the Bekenstein-Hawking entropy (area law) and the second term, which is understood as the work term, becomes the logarithmic term appearing in (32).
Thus, the volume integration of the divergence of the entropy vector (17) represents the sum of the change of total entropy and of the work done along the horizon.
However, as we have shown in the above paragraph, fortunately, the work term contributes to the integration in only subleading order. So, up to leading order, the change of total entropy for the Unruh state is still given by the volume integral (17) 
where approximation has been made for taking only leading term in the evaluation.
Finally, we find that the density of total entropy change for the Unruh state is always positive in leading order, and GSL holds for dynamical two-dimensional black holes arising from gravitational collapse at least in a semiclassical approximation. In addition, we find that if a static limit of the two-dimensional spacetime is taken,
i.e., F 0 = 0, the change of total entropy vanishes, and we return to the case of the Hartle-Hawking state.
Concluding Remarks
We have investigated of the GSL for two-dimensional black holes in the HartleHawking and in the Unruh states. Our important tools for the investigation was the dynamical first law (27) and the covariant formulation of black hole thermodynamics. With the aid of these tools, we have obtained a simple expression for the change of the total entropy (17), which is valid for the Unruh as well as the Hartle-
Hawking states up to leading order, and have shown that the GSL holds for the both states.
Our analysis for the Unruh state was given for the S-wave sector in four-dimensional general relativity. Another proof of the GSL in a dynamical situation [13] was given for the RST version of the CGHS model. A desired generalization of these works is to investigate the GSL for black holes of any two-dimensional theory of gravity without the assumption of the qusi-stationarity.
